The solvable two·body model in one space dimension proposed by GlOckle, Nogami and Fukui is reexamined. We find that their model is rewritten in a manifestly covariant form of Bethe-Salpeter equation with the Fermi-type interaction, provided that the single-electron-theoretical treatment is adopted. Owing to the ambiguities in the Dirac equation with delta function potential, we get eigenvalues for the mass of composite system different from theirs. We also treat the same model positron-theoreticalIy and find that alI the bound states in the single-electron-theoretical treatment disappear because of the pair effects to the delta function potential. § 1. Introduction
Recently Glockle, N ogami and FukuF) (GNF) . found an interesting model of composite system, which satisfies all the requirements of quantum mechanics and special relativity, including the Lorentz contraction of the composite system_ Their model is defined in terms of the two-body Diracequation in one space dimension with a direct instantaneous interaction. Their equation is not manifestly covariant, but its relativistic covariance is guaranteed by the existence of the Lorentz boost operator. Their model is analytically solvable and clarifies the structure of a relativistic composite system and its relation to the overall translational motion.
The only defect of their model seems that it is based on the single electron theory instead of the positron theory, hence it allows a bound state solution whose mass eigenvalue tends to zero in the weak coupling limit_ Such a solution is physically unreasonable, because it corresponds to a bound state composed of a positive energy Dirac particle and a negative energy one.
In this paper, we reexamine the GNF model and find the following three points: First, their model is rewritten in a manifestly covariant form of the Bethe-Salpeter equation 2 ) (BSE) with the Fermi-type interction, if the single-electron-theoretical treatment is taken. Second, we get different eigenvalues from theirs for the mass of composite system. This owes to the mathematical ambiguities inherent in the Dirac equation with delta function potential. 3 ) GNF defined the delta function potential as a limit of square well potential in the configuration space, whereas we define it by its Fourier transform and work in the momentum space. We further discuss these ambiguities in the text. Finally we treat the problem in the positron theory. We find that all the bound states disappear. It is a well-known fact that because of the pair effects, the positron theory makes the self-interaction of an electron so weak that a linear divergence of the self-energy in the single electron theory reduces to a logarithmic one. § 2. The Bethe-Salpeter equation
We start with BSE in two dimensional world with the ladder approximation where the interaction between particles a and b is given by
(1)
For the Dirac matrices we use rO=ro=/J=(~ _~), rl=/Ja=-rl with a=(~ ~) and r S =rOrl=a. Equation (2) means that the particles a and b interact through the Fermi-type direct instantaneous interaction.
5 )
The masses of the particles a and b are assumed to be equal; ma=mb=m. SF(X) in Eq. (1) is the two-dimensional Feynman propagator and is defined by
where
Now we show that if we replace SF(X) by SR(X) in Eq. (1), then Eq. (1) reduces to the basic equation found by GNF. Here SR(X) is the retarded propagator and is given by (4) This replacement means that we use the single electron theory, because in SR(X), both the positive and negative frequency waves propagate to the future from the past. We introduce the c.m. and relative coordinates and momenta in the usual manner, XI' The BSE for ¢p(p) in momentum space is given by
where Pll'=PI'/2+p'" and P21'=PI'/2-PI'. It should be noted that the denominator of the R.H.S. of Eq. (6) has appropriate small imaginary parts according to the boundary conditions. Namely, in the single electron theory Pi°(i=1,2) has small positive imaginary part in accordance with Eq. (4) and in the positron theory m has small negative imaginary part in accordance with Eq. (3) . In Eq. (6) 
, I(q) is defined by I(x3, x4)=(27r)-zfl(q)e-iQ(Xs-X4)dZq, and has no q-dependence:
_{ gv yp-
In order to match the notations with those of GNF, we depart from the covariant notations and write as pO=E, pl=p, pO=c and pl=p. Substituting Eq. (7) into Eq. (6), we rewrite Eq. (6) as (8) where PI=P+p/2, Pz=P-p/2, Ha(PI) = aaPI+ {Jam and Hb(pz)=abPZ+{Jbm.
We must treat Eq. (8) in accordance with the single electron theory. For this purpose we integrate both sides of Eq. (8) over c and denote (9) We must evaluate the integral on the L.R.S. of Eq. (8)
where 
Equation (12) is nothing but the Fourier transform of the basic equation (2·2) with Eqs. (2·3), (2·6) and (4·2) of GNF. Therefore we have shown that the model of GNF is rewritten in a manifestly covariant form of Eq. (1) with Eq. (2), when we treat the problem in accordance with the single electron theory.
Next we treat the same problem positron-theoretically. We start with Eq. (6) with the appropriate boundary condition. In this case we must evaluate the integral 
where K=(m 2 +pn1!2, (i=I, 2). We get a positron-theoretical equation The amplitude Xp(p) can be expanded in terms of the eigenvectors of /3afk
According to GNF, it is convenient to use the linear combinations of X±±: 
with the eigenvalue condition gVE100 dp -8- Here Xp(p) is normalized as 1: dp 1: dXxHp)xp(p)e~i(P'-P)X = 27rEEo-10(P' -P) .
By using Eqs. (5) and (9) though these values coincide with each other in the small gv 2 approximation. This discrepancy is caused by the mathematical ambiguity3) inherent in the Dirac equation with the delta function potential. In this case we should manage product of a delta function and a discontinuous function in the configuration space. Therefore to settle the problem we must define more detailed prescription. GNF defined the delta function potential as a limit of a square well potential, whereas we defined the delta function by its Fourier transform and worked in . the momentum space.
In this connection, Calkin, Kiang and N ogami 6 ) proposed recently a treatment of the delta function in the one-dimensional Dirac equation. They defined the delta function as a limiting case of some sharply peaked function. We verified that the method of Fourier transform just corresponds to adopt the usual jump condition which was rejected by them. We insist that the method of Fourier transform is as self-consistent as their method. From the practical point of view, the method of Fourier transform is preferable because it needs no limiting process and a posteriori it gives a natural result of Eq. (26). (The oscillating eigenvalue (26') for large gv is difficult to understand physically.)
The odd-parity bound state in the vector-type interaction case and bound states for the other interaction are studied in a similar way. The resultant eigenvalues are summarized in Table I .
Finally we treat the same model positron-theoretically, and solve Eq. (16) in § 2 or equivalently the BSE (1) with Eq. (2). Owing to the manifest covariance of Eq. (1), we can choose the center of mass system p=o and E=Eo.
We assume the vector-type interaction. By using Eqs. (16)~ (18) and (20), we get the integral equations for Xi(P):
where Ep=(m 2 + p2)1/2. For the even-parity solution, we have A=O, and the equation for X2(P) is given by This equation has no eigenvalue, because the integral !c::.""x2(p)dp diverges logarithmically. The situations are the same for the other bound states listed in Table I . Hence, the positron-theoretical equation (16) has no bound states at all. The physical reasqn for this is due to the nonlocal character of the potential which is expressed by the projection operators on the R.H.S. of Eq. (16). We also explain this phenomena in connection with the self-energy problem in the Introduction. To clarify the situation we must further examine a model with finite range interaction. § 4. Discussion As was stressed by GNF, a solvable relativistic two-body problem, which allows a probabilistic interpretation, is a rarity.
In general, the BSE based on the quantum field theory does not allow a probabilistic interpretation because of the appearance of relative times or relative energies. It is also known that the BSE with the ladder approximation gives a poor eigenvalue for the composite system because of the superfluous retardation effece l ,5l which is canceled by inclusions of the higher order kernels.
On the other hand, the method based on the Poincare algebra, proposed by Bakamjian and Thomas/ l allow an explicit construction for generators for a manybody system. They first constructed a mass operator, which contains the interaction vex, p), which is an arbitrary function of relative coordinates and relative momenta.
According to our opinion, their method is not truly relativistic because the introduction of finite range instantaneous interaction vex, p) destroys the relativistic causality principle.
In this paper we have shown that the GNF model, which was found by the construction of the Poincare algebra, is rewritten in a manifestly covariant form of the BSE. We have found in the course of this work that this was achieved by the special character of their model, namely, the zero range of the interaction. In any case further study must be done to construct the relativistic quantum mechanics.
